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We calculate a collective number of thermodynamic quantities in a one-dimensional gas of hard
elongated objects (such as needles) whose centers mobile on a line. Our formalism uses an approxi-
mation for the probabilities of contact between the objects. We show that in moderate pressures the
quantities extracted from the noncentral potential do not rely on its noncentrality, instead we can
extract them analytically from a central potential. Our formalism reproduces the nontrivial features
of a gas of elongated objects. Finally, we show below a crossover pressure po the rotational couplings
causes quantities proportional to inverse distance (such as density) are on average deviated from
the inverse of average distance.
PACS numbers: 05.40.-a,61.30.Cz,05.70.Ce
The elasticity of a fluid can be modelled by mechanical
response of its rigid boundaries to external deformation
forces [1]. An alternative approach is based on short-
range interaction between building blocks and this has
been shown to be consistent with the most of fluid bulk
properties [2]. The former is restricted to homogeneous
fluids, however the latter is extendible to inhomogeneous
case [3, 4]. Such a discrete approach showed to delin-
eate the elasticity of closely-packed hard objects of per-
fect spherical symmetry, [5]. A natural generalization in
the same dimension is to consider elongated objects in-
stead of spheres. With centers confined on a straight line,
elongated objects are compressed from sides, thus carry
a coupling between translational and rotational degrees
of freedom. This additional coupling put them in ori-
entational ordered/disordered phases. Lebowitz, Percus
and Talbot in Ref. [13] studied objects with flat and
curved elongations. They found out flat objects (such as
needles) resist more against external squeezing pressures
from sides. This can be used for liquid crystals to be
modelled, (for instance in nematic model [6]. The or-
der/disorder phases may also trigger understanding phe-
nomena such as protein wrapping DNA [8], percolation
transitions [9], and jamming transitions, [10, 11].
Despite the importance, little has been understood
about the statistical mechanics of elongated objects even
in one dimension. Murat, Kantor, and Farago [7] pro-
posed a direct generalization of Lebowitz formalism to
study some features in the elasticity properties hard elon-
gated objects such as their hard stiffness in short-range
central and non-central potentials. The noncentral po-
tentials depend on the relative distance between objects
and their individual rotational angles, while central ones
depend only on the distance. Kantor and Kardar in Ref.
[12] revisited the problem of noncentral potential and
proposed a collection of parameters such as average dis-
tance and elasticity coefficient with nontrivial behaviour
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under external compression.
In this paper, we show that in moderate pressures the
quantities extracted from the noncentral potential (i.e.
eq. (1)) do not rely on its noncentrality, instead we
can extract them analytically from a central potential
at moderate pressure limits. We show this formalism re-
produces the nontrivial features of a gas of elongated ob-
jects [11, 12]. We examine our formalism beyond Kardar
and Kantor’s needles model on objects with curvature
in their contact interfaces and verify numerical results of
Ref. [13]. In the last section we investigate a crossover
pressure at which the averaging over distance inverse de-
viates from the inverse distance law.
Consider a large number of identical hard (and needle-
like) elongated objects with centers confined to be mobile
on a straight line. The length of each object is 2`. Each
object contains two degrees of freedom: A translational
X, and a rotational φ. We choose the angle reference
axis to be perpendicular to the central axis. Due to the
transversal symmetry of elongated objects the rotational
angle is pi-periodic, between −pi/2 and pi/2, see Fig. (1).
FIG. 1. (Color online) Elongated objects with centers re-
stricted to a straight line. Compressing from sides causes the
object to be in contact with each other with centers at dis-
tance `X and rotational angle φ.
Applying pressure from the sides will position objects
in contact to each other. The contact distance between
two adjacent centers depend on the individual orienta-
tions of the objects and in low pressures could be as large
as the the needles length. Note that the distance between
adjacent objects can be greater than the contact length
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2as long as they do not touch upon each other. We work
out our formalism for a general set of objects, yet the
picture is similar to the needles model described in Ref.
[13] for which the distance between two adjacent objects
in contact is `Xi,i+1 with
Xi,i+1 =
sin(|φi − φi+1|)
max cos(φi, φi+1
. (1)
The contact (X,φ)-space diagram is depicted in Fig.
(2a). There are 2 points with maximum distance where
φi = −φi+1 = pi/2. Also, minimum distance (i.e. X = 0)
is at the line φi = φi+1. Contours represent configura-
tions of different φi,i+1 reproducing the same distance
and the length of a contour is proportional to the con-
figuration degeneracy. The longer a contour line is the
more popular that distance is among configurations. Fig-
ure (2b) indicates this degeneracy, to the discreteness of
5% degree, as a function of distance X.
a
b
FIG. 2. (Color online) (a) Contact (φ,X)-space in the needles
model eq. (1). (b) The degeneracy of φi,i+1 configurations
associated to any length X.
One can see in Fig. (2b) the slow variation of degener-
acy, except in the vicinity of X = 1 where the degeneracy
blows out; but why distances about X = 1 are heavily de-
generate? This is mostly due to the pathological behavior
of eq. (1) at this point. The needle i aligned tangentially
on the central axis (φ1 = ±pi/2) touches upon the centre
of its adjacent needles (i.e i±1). In this case the distance
between the two adjacent needles is insensitive to the the
orientation of the object i ± 1; thus a large degeneracy
is expected. We regularize the degeneracy by consider-
ing a constant discreteness unit for angles and practically
associated a finite ratio gX to a degeneracy contour. Reg-
ularized degeneracy is defined as ΩX = gX/gX0 , where
gX0 is a typical finite degeneracy (here we used X0 = 0).
Note that Ω(X = 0) = 1. The degeneracy fluctuations in
Figure (2b) is the artefact of angle discretization process
for counting states and can be smoothened by decreasing
the angle steps. Note that discrete regularization make
X to carry a finite degeneracy Ω(X).
Takanashi in Ref. [3] assumed a free energy to ‘hard’
objects by considering interaction between a pair of adja-
cent objects i and i+1 by the hard potential U(xi, xi+1).
This potential U(xi, xi+1) is zero at distances greater
than the contact distance Xi,i+1; otherwise it is infinite.
Note that the distance in eq. (1) is only the contact dis-
tance and indeed the objects could have distances greater
than X which make them not to touch each other; similar
to free molecules in a gas.
Consider the system is under a moderate pressures and
exquisitely returns to its equilibrium very rapidly. This
simplifies the system to be unaffected thermally. Also we
consider the kinetic energy vanishes at equilibrium. A
number of N needles compressed by the external pressure
P carry the Gibbs free energy G = E − TS + PV with
the system size V , the internal energy E, the entropy
S, and the temperature T . The partition function is
formally written as ZG =
∑
exp(−βG). A hard potential
contribution to the partition function
ZG =
N∏
i=1
∫
dφi
∫
dxie
−β(U(xi−xi+1)+P |xi−xi+1|). (2)
Let us define an independent variable that measures
the distance between a pair of adjacent needles; si :=
|xi − xi+1|. Hard potential energy will simplify the par-
tition function into
ZG =
N∏
i=1
∫
dφi
∫ ∞
`X
dsi exp(−βpsi)
= (βp)−N
N∏
i=1
∫
dφi exp(−βp `X(φi, φi+1))
Note that open chain and closed chain of needles have
the same free energies in the large N limit. More pre-
cisely one can show the difference between the open ended
and closed boundary conditions in the partition free en-
ergy is in the end points energy that is the excess of the
order 1/N more in the open case.
In statistical mechanics one can show that if the vast
majority of states have slow varying degeneracy while
a few carry exponentially larger (or smaller) degenera-
cies, average over all states is almost insensitive to the
degeneracy of that minority. This strikes a possible ap-
proximations that helps to simplify our problem so that
we simply ignore the rise of degeneracy about X = 1.
Moreover, one can see in Fig. (2b) that the degeneracy
is a slowly varying function. After ignoring the resonance
about X = 1, one may assume the degeneracy variation
follows approximately a linear function of g(x) ∼ −aX+b
for a, b > 0; however because physical parameters are
proportional to lnZ the variation of the degeneracy at
different X is negligible in the leading order term.
We simplify the problem into a uniform distribution
of degeneracy. Also we assume the contact distance be-
tween any adjacent objects is randomly distributed be-
tween 0 and 2`; X(x) = 2x where 0 ≤ x ≤ 1. We
keep the maximum contact distance between two adja-
cent particles to be 2 to make our results comparable
with the original needles model, otherwise we can nor-
malize it to one. In the low pressures limit the object
3behaves as point particles. In contrast, at high pressure
limits when pairs become exceedingly packed, the quan-
titates extracted from the Gibbs energy become highly
dependent into the individual angles of objects. We re-
strict our method to moderate pressures, where particles
are not densely packed. The distance of pairs in low
to intermediate pressure limits is independent of other
pairs, thus the partition function is simplified as a prod-
uct; Z = f−NZN1 . Let us define the dimensionless force
f = βp`. The two-body partition function is
Z1 = f
−1
(∫ 1
0
dxe−2fx
)
=
1− e−2f
2f2
. (3)
The bulk partition function of N particles is Z ∼ ZN1 ,
therefore the Gibbs free energy per particles is
βG/N = − lnZ1 = 2 ln f − ln(1− e−2f ). (4)
In small pressure one can expand eq. (3) in terms of
force and approximate the partition function of a pair
as Z1 = (1 − f + 223! f2 − 2
3
4! f
3 + · · · )/f . In the leading
order becomes Z1 ∼ 1/f and consequently the Gibbs free
energy becomes βG/N ∼ ln f that is consistent with the
free energy of point particles.
Following the formalism originally proposed for spher-
ically symmetric objects in [4] and later on extended to
the correlation functions of elongated objects in [7], bulk
stress can be introduced for a one-dimensional system as
the average distance between building blocks. This quan-
tity can be defined as a/` = ∂(βG/N)/∂f , [12]. Substi-
tuting the Gibbs energy of Eq. (4) into this definitions,
the interparticle distance becomes:
a
`
=
2
f
− 2
e2f − 1 (5)
By decreasing pressure the average distance increases.
There is no upper bound for the increase of mean dis-
tance as net distance between two adjacent objects can
be infinitely large due to their lack of contact. However,
once the molecules start not to contact each other their
statistics starts to converge to a gas of point particles.
In fact there is a minimum onset force fo where the ob-
jects are in touch below which (i.e. f < fo) their angular
degrees of freedom become irrelevant to the statistical
mechanics. The onset pressure can easily be calculated
by considering that at f < fo the average distance starts
to become greater than 2`. As the onset pressure is the
solution to the equation f0[1 − exp(−2fo)]−1 = 1 that
after taylor expansion provides the onset pressure to be
fo = 0.8.
Similarly, the elastic coefficient has been defined in [12]
by C = −a/[∂a/∂p] + p. Rescaling the coefficient into
β`C simplifies this into −a/[∂a/∂f ]+f . Using the Gibbs
energy of Eq. (4) an analytical formula for the elastic
coefficient becomes
C =
f
2
4 cosh(2f)− (2f2 + f + 4) + f exp(−2f)
cosh(2f)− (f2 + 1) (6)
We plotted the average distance a and the elasticity co-
efficient C labelled as α = 1 in Fig. (3). In this figure the
negative- and positive-slope curves indicate average dis-
tances and elasticity coefficients, respectively. The dash
lines denote the results for point particles. The green
line indicates the 2` above which the average distance
between adjacent particles become greater than the max-
imum contact distance. However, this onset pressure is
not expected to be a critical pressure. To understand this
recall that it is not necessary for two adjacent particles to
exceed the distance 2` in order to lose their contact; In-
stead, there is a possibility their distance become greater
than 2x.
One can check that our analytical formulas for average
distance and elasticity coefficient are in agreement with
the corresponding numerical solutions of exact model
summarized in the Fig. (4) of Ref. [12].
Let us now step beyond the limitations of needles
model and use our approximation logic as a tool to pre-
dict similar behaviour of other types of objects. Lebowitz
in Ref. [13] proposed to deforme distance in curved in-
terface objects to xα, however because we are interested
to compare results of different exponent α we keep the
distances to be normalized to 2; thus
Xi,i+1(x) = 2x
α. (7)
Straight interfaces (such as needles) are characterized
with α = 1. Convex objects with α > 1. A special case is
ellipsoids for which α = 2. Concave objects are also char-
acterized by α < 1. In order to avoid complications of a
preferred orientation let us consider the object widths are
negligible. This immediately imposes a restriction on the
accuracy of our forthcoming analysis that the interface
curvature should be only slightly curved from flatness.
The partition function per particle using eq. (7) is
Z1 =
1
f
∫ 1
0
e−2fx
α
dx
=
1
21/αα f1+1/α
(
Γ
(
α−1
)− Γ (α−1, 2f)) , (8)
where Γ(a, x) =
∫∞
x
ta−1e−tdt. The average distance for
different choices of α can also be derived,
a
`
=
1 + 1/α
f
− 2
1/αf1/α−1 exp(−2f)
Γ(α−1)− Γ(α−1, 2f) . (9)
To arrive at this relation we used the chain
rule dΓ(a, u(x))/dx = [dΓ(a, u)/du](du/dx), and
dΓ(a, x)/dx = −xa−1 exp(−x).
From the partition function, finding the elasticity co-
efficient from a is straightforward. The elasticity coef-
ficient C and the aveareg distance a are plotted in the
Figure (3) for the exponents α =0.2, 0.5, 1, 2, 5 from
top to bottom, respectively. The mean distance and the
elasticity coefficient lines are plotted with negative and
positive slopes, respectively. These results recently have
been derived using numerical analysis in [11].
4a/`
β`C
f
α
fo
FIG. 3. (Color online) Average distance a/` and the elasticity
coefficient β`C. From top to bottom α = 0.2, 0.5, 1, 2, and 5,
respectively. The green line indicates the onset above which
the gas effectively behaves similar to hot gas of point particles.
With the decrease of α the average distance between
objects and the object elasticity coefficient starts to de-
viated from the power law associated to spherically sym-
metric particles. The deformation of the average distance
from power law was earlier indicted in Lebowitz et al.
[13]. Our model extend this study to the elasticity coeffi-
cient. Moreover, both of these two quantities for the case
of α = 1 have been studied in Ref. [12] and are consistent
with our results. As one can see in Fig. (3) the smaller
α is, the larger the average distance and elasticity co-
efficient becomes in the range of intermediate pressures.
This is so because the more two adjacent objects are con-
vex on their contact interface, the farther their centers
will be in different configurations.
The green line in Fig. (3) indicates the threshold of a =
2`. At a > ` the objects start to detach from one another
(similar to a hot gas) and the average distance becomes
less sensitive to the orientations and behave more like
point particle gas. The inset indicates the onset pressure
fo associated to α. One can see by the increase of α
the onset pressure decreases in almost a power law f0 ∼
α−1/2.
In the last part, we study the average of quantities
such as number density of objects that are scaling in-
versely with the distance. For point particles, as well as
spherically symmetric ones, one may expect the average
of inverse distance 〈1/r〉 to be equivalent to the inverse
of average distance; 1/〈r〉. However, this is nontrivial to
be valid in the presence of rotational degrees of freedom
such as in needles model. Below we derive the ensem-
ble average of density taking into account the rotational
couplings.
In a chain of N elongated objects confined on a line
the number density is defined as ρn =
∑
EnsembleN/L
where L is the maximum distance between the first and
last needle. One may consider that averaging over the
maximum distance in different ensembles may give rise
to the approximate formula that the density of needles is
ρn = 1/〈X〉n. However, our analysis of the more accurate
definition ρn = 〈1/X〉n show that the density is different
at low pressure limit.
The average value of inverse distance can be calculated
in the followings:
〈1/X〉n =
∫
dx 1X(x) e
−fX(x)∫
dx e−fX(x)
(10)
One can rewrite this equation by taking the derivative
from both sides with respect to f
d
df
〈1/X〉n = −1 + 〈1/X〉n a (11)
From eq. (11) one can see the equality between 〈1/X〉
as 1/a is valid only if the left hand side of eq. (11)
becomes zero. However, this is not the case in general
because as one can see in Fig. (3) the minimum contact
distance a between particles depends strictly on pressure.
Substituting the average distance a from eq. (5) in eq.
(11) gives rise to the following equation:
d
df
〈1/X〉n = −1 +
(
2
f
− 2
e2f − 1
)
〈1/X〉n . (12)
Solving this equation can provide us with the explicit
dependence of the average potential to the pressure. This
differential equation has a solution for the needles den-
sity ρn = 〈1/X〉n = f + 2f2 E1(2f)[1 − e−2f ]−1, where
E1(z) =
∫∞
1
exp(−tz)t−adt is an exponential integral
function. E1(z) is known to exponentially suppress at
large f and scaling logarithmically with 1/f for small f .
Usually this function can be approximate by one of its
bracketing function bounds (e.g. see [14]). In our prob-
lem, this allows to replace it with 12 exp(−2f) ln(1+1/f).
Consequently, the expectation value of inverse distance
becomes:
ρn = 〈1/X〉n = f +
f2 ln(1 + 1f )
e2f − 1 (13)
The first term in the right side of eq. (13) is the
spherically symmetric (ss) leading order in small pres-
sure limit. In this limitthe density follows the inverse law
ρss = 〈1/X〉ss = f = 2/〈X〉ss. Note from eq. (5) that in
spherically symmetric case 〈X〉ss = 2/f . However, the
second term in eq. (13) is the explicit contribution of
elongation to the density.
Figure (4) indicates density as a function of distance
and compare it with inverse distance (dash lie). One
can see that at low distance (i.e. high pressure) they
are very close to each other; however as the distance be-
tween objects increases the particle density deviates from
5100 101 102
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FIG. 4. (Color online) The distance variation of ensemble av-
erage density in needles model and its comparison with the
inverse distance (dash). Insets: (a) The inverse of average
distance in needles 1/〈X〉n (top), average density 〈1/X〉n in
needles (middle), average density i spherically symmetric ob-
jects (bottom dashed). (b) 〈1/X〉n−〈1/X〉ss (top), which has
the information of deviation of density in needles compared
to spherically symmetric objects, and 〈1/X〉n− 1/〈X〉n (bot-
tom) which indicates the deviation of the ensemble average
density from the inverse of average distance.
1/X. This can be understood from Fig. (4a) by compar-
ing 1/〈X〉n (top line) in needles, 〈1/X〉n (middle line) in
needles, and 〈1/X〉ss (dotted line) in spherically symmet-
ric model as functions of external force. At intermediate
pressures one can see the statistical average of density
in needles model is greater than that in spherically sym-
metric objects and point particles; however, it is smaller
than 1/〈X〉n.
Fig. (4b) presents 〈1/X〉n − 〈1/X〉ss (upper line) and
〈1/X〉n − 1/〈X〉n (lower line). As a result by decreasing
pressure the density of needles exceeds that in balls al-
most exponentially. At extremely low pressure these two
becomes closer as it is expected for the situation of very
low density gas. Moreover, one cannot rely on the quan-
tity 1/〈X〉n too to represent the density as it is larger
than the actual value. The true ensemble density of nee-
dles is greater than that in spherically symmetric and
point particle gases and this error can be up to 30% at
low pressures. Moreover, there is also a noticeable differ-
ence between the density and the inverse of the average
distance. The true density could be up to 18% smaller
than inverse of mean distance.
In conclusion: We presented an analytical solution for
the gas of needles model that interpolates between the
low and high pressure behaviour. We extended our solu-
tion to the cases of elongated objects other than needles
and reproduced the average distance and elasticity coef-
ficient in consistency with numerical results taken from
the exact models. In our approximation we eliminate
the dependence of free energy in the adjacent individual
angles. Although we expected this approximation alters
the order-related quantities at high pressures, where the
objects become highly ordered; interestingly we noticed
the collective quantities that we study here are unrelated
to the ordering and could be described without noncen-
trality of potentials. We derived the ensemble density of
needles and found out at intermediate pressures it does
not follow up an inverse distance law.
This model serves as the initial point to the study of
statistics of elongated objects analytically and may also
serve to extend the problem in higher dimensions.
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